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A Symmetric Sum Involving the Stirling Numbers of 
the First Kind 
A. M. KHIDR AND B. S. EL-DESOt:KY 
A symmetric sum involving the Stirling numbers of the first kind is obtained in the process of 
counting the number of paths along a rectangular array, and the generating function for the sum 
is given. 
1. INTRODUCTION 
Let {a;}7=1 be a sequence of natural numbers 0..; aj..;.n, i = 1, ... , n, and Anm be an 
n x m array associated with this sequence, whose entries ajj = 0,1 such that 
m 
L ajj=aj, j- l i=l, .. . ,n, j=l,: .. ,m. 
We define a path of order k along Anm to be a sequence of entries ali!' ... , anj. for which 
n 
L ajj; = k, k=O,l, ... , n, jj=l, . .. ,m, i= 1, ... , n. 
j=l 
The number of paths of order k will be denoted by 
k=O,l, ... ,n. 
By neglecting the last row in Anm and then reconsidering it, we get 
gk(at. .. . , an; m) = a~k-I(at. ... , an-I; m) +(m - an)gk(a .. ... , an-I; m) (1.1) 
When aj = a, a a constant, i = 1, . . . , n, then 
gk(a, . .. , a; m) = (;)ak(m - a)"-k. (1.2) 
In section 2, we will show, taking m = n, that 
gk(alo ... ' an; n) = (-l)k jk (;)Sn(n, n- m)nn-m, (1.3) 
where Sj( j, i) is the generalized Stirling number of the first kind associated with the 
numbers at. ... , aj, defined by (see [1]) 
which satisfy the recurrence relation 
Sj(j, i) = sj-l(j-1, i-1) - ajsj-l(j-1, i), 0..; i..;j, j= 1, ... , n. 
A special case of (1.3) is to take aj = i, i = 1, ... , n, denote gk(l, ... , n;n) by g~(n); we 
get 
g~(n)=(-l)k m~k (;)S(n+1,n+1-m)nn-m 
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where s( n, m) is the Stirling number of the first kind defined by 
n 
x(x-1) ... (x-n+1)= L s(n, m)xn, 
m=O 
and satisfying the recurence relation 
s(n + 1, m) = s(n, m -1) - ns(n, m), 
then (1.1) reduces to 
g~ (n) = ng~=~ (n). 
Moreover, we have the symmetry property 
O~m~n; 
g~(n)=g~-k+1(n), k=1, ... ,n. 
The generating function O(t) for g~ (n) is found to be 
n 
O(t)= n [n-j(1-t)] 
i=1 
(1.5) 
(1.6) 
Some of the calculated values of g~ (n) are given in Table 1 for k = 1, ... , n = 1(1)7. 
TABLE 1 
k 
n 2 3 4 5 6 7 I 
1 1 1 
2 2 2 22 
3 6 15 6 33 
4 24 104 104 24 44 
5 120 770 1345 770 120 5' 
6 720 6264 16344 16344 6264 720 66 
7 5040 56196 200452 300 167 200452 56196 5040 7' 
2. PROOFS 
Denote by [j]={1, ... ,j}, j~ 1, let K be any set of k elements of En], and Ln,k be 
defined by 
Ln,k = L n ainn- k 
K iEK 
= (_l)knn-ksn (n, n - k), 
where k = 1, ... , nand Ln.o = n n where employing tpe inclusion exclusion principle (see 
[2]), we get 
k=O,1, ... ,n, 
this proves (1.3). 
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The proof of the special case ai = i, i = 1, ... , n follows similarly by noticing that 
L -~n' n-k n,k - t.. _ m 
K iEK 
= (-I)knn-ksn (n + 1, n + 1- k). 
To prove the symmetry property (1.6), write 
g ~ (n) = L n i n (n - j), 
K iEK jE[n]-K 
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where K u ([ n] - K) = [n], we notice that either n E K or n E [n] - K. In tlte second case, 
njE[n]-K (n - j) = ° thus we have to consider the case when n E K, hence 
g~(n)=n L n i n (n-j), 
K' iEK' jE[n-1]-K 
where K' is a set of k -1 elements of [n -1]; this proves (1.5). For every i E [n -1] there 
corresponds a (n - j) E [n -1] thus we can write g~ (n) as 
g~(n)=n L n (n-j) n i, 
K" jEK" iE[n-1]-K" 
where K" is the set of k -1 elements of [n -1], such that 
K" = {j E [n -1], j = n - i, i E K'}; 
thus 
g~(n)=nL n in (n=j) 
K" iE[n-1]-K" jEK" 
= ng~=~(n) 
= g~+1-k (n),k = 1, ... , n, 
From the definition of g~(n), we see that 
g~ (n) = g~+1 (n) = 0, 
hence 
g~ (n) = g~+1+k (n), k=O,I, ... ,n+1. 
Finally we prove (1.6). The generating function of g~ (n) is 
n+1 
O(t) = L g~(n)tk 
k=O 
= L (-I)ktk L s(n+l,n+l-m)nn-m n+1 n+1 (m) 
k=O m=k k 
n+1 m (m) 
= m~o s(n+l,n+l-m)nn-m k~O (-I)k k t k 
n+1 
= L s(n+l,n+l-m)nn-m(1-t)m 
m=O 
n+1 
= L s(n+l,l)n l - 1(1_t)n+1-1 
1=0 
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n+l 
=n- I(1-t)"+1 L s(n+l,l)n l /(I-t)1 
I ~O 
(l-t)"+I( n )( n ) (n ) 
= n I-t I-t- 1 ... I-t- n 
= (1_t)n+l(_n )(n-(1-t»)(n-2(1-t») . . . (n-n(1-t») 
n I-t I-t I-t I-t 
= [n - (1- t)][n - 2(1- t» . .. [n - n(1- t)] 
n 
= n [n-j(l-t)J 
j~l 
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